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Abstract. This note compares two models of the equivariant homotopy type 
of the smash powers of a spectrum, namely the "Bokstcdt smash product" and 
the Hill-Hopkins-Ravcnel norm. 



1. Introduction 

In any symmetric monoidal category C, a basic construction of a C n -equivariant 
object arises from the smash power 

X h-> X® n = X®X®...®X. 



The homotopical analysis of such constructions in the category of spaces and spec- 
tra is of classical importance. For instance, Steenrod operations arise from the 
homotopy coinvariants (X xn )h?, n of X xn with respect to the S„-action. More 
general power operations arise from the analysis of this kind of construction in the 
category of spectra. 

Our focus in this paper is the analysis of the smash power construction in the 
equivariant stable category. In contrast to the setting of spaces, there are two dis- 
tinct fixed-point functors in the category of equivariant spectra: For a G-cquivariant 
X and subgroup H C G, we can construct "actual fixed points" X H and "geometric 
fixed points" & H X or X gH . The interplay and contrast between these two functors 
encodes much of the complexity of the equivariant stable category. 

An important application of the smash power construction of spectra arises in 
the study of trace methods for computing algebraic K -theory. Algebraic i^-theory 
has been revolutionized in the last 20 years by the development of trace methods. 
Following ideas of Goodwillie jB], Bokstedt [T] and then Bokstcdt, Hsiang, and 
Madsen [2] constructed topological analogues of Hochschild homology and negative 
cyclic homology along with a "cyclotomic" trace map 

K(R) — > TC(R) — > THH(i?) 
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lifting the classical Dennis trace K(R) —> HH(i?). The fiber of the trace K(R) —> 
TC(i?) is well understood (after p-completion) in many circumstances (T5J [3] . The 
target of the trace, topological cyclic homology (TC(i?)), is constructed from an 
cquivariant structure that arises on THH(i?); exploiting the tools of cquivariant 
homotopy theory makes TC(i?) relatively computable. 

The cquivariant structure on THH(i?) arises from the interpretation of (topolog- 
ical) Hochschild homology as the cyclic bar construction. In the category of spaces, 
for a group-like topological monoid M there is an equivalence N cyc M ~ LBM, 
where for a space X, LX = Map(S' 1 ,X) is the free (unbased) loop space on X. 
The S^-action on LX has an unusual property. Let H C S 1 be a finite subgroup. 
Then S 1 / H = S 1 , and pulling back along this isomorphism induces a homeomor- 
phism of S^-spaces 

Ma,p(S\X) H = Map{S\X). 

In the category of S^-spectra, the analogue of this structure is called a cyclotomic 
structure. In this context, being a cyclotomic spectrum boils down to having (suit- 
ably coherent) "diagonal" equivalences of geometric fixed points 

$ C "(X A ")~X 

Bokstcdt introduced THH(i?) before the invention of symmetric monoidal cat- 
egories of spectra; he invented coherence machinery (which anticipated the devel- 
opment of symmetric spectra, as explained in |17j ) to handle the smash product 
and proved that his model of smash powers had the right homotopy type. After 
the invention of modern categories of spectra, it became possible to give defini- 
tions of THH(i?) that simply computed the cyclic bar construction in the usual 
way, circumventing the complexity of Bokstedt's coherence machinery. However, 
it was believed that the smash-power in this context did not have the right fixed 
points, and so a direct construction of THH(i?) as an equivariant spectrum using 
these modern categories was thought to be out of reach (e.g., see [HI 2.5.9] and [H 
§IX.3.9]). 

Very recently, the solution to the Kervaire invariant one problem by the fourth 
author, Hopkins, and Ravencl involved development of a "norm" functor iVjj from 
-H-spectra to G-spectra which has the correct diagonal fixed points [8] . In particu- 
lar, there is an equivalence for any finite group G 

R — > <P G N^R. 

When G = C n , the underlying spectrum of N^ n R is precisely the smash power 
R An . 

This behavior strongly suggests that the norm should agree with Bokstedt's 
version of the smash powers. The purpose of this paper is to make this precise, 
by constructing an explicit comparison between the two as equivariant spectra. 
Our work builds on earlier analysis by Shipley |17j which interpreted the Bokstedt 
construction in terms of a "detection functor" in symmetric spectra, and is some- 
what related to analysis done by Lun0e- Nielsen and Rognes [10]. In the sequel to 
this paper, we use this comparison to show that the norm construction Nj? R for 
a cofibrant ring spectrum R directly yields a model of THH(i?) as a cyclotomic 
spectrum. 

To state our main results, we begin by fixing some notation and definitions 
for our indexing categories. Let X denote Bokstedt's indexing category, i.e., the 
category with objects n = {0,1, ... ,n} and morphisms all injections. Let J denote 
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the subcategory of I with the same objects but maps the ordered inclusions. Notice 
that J has a unique map from m to n for m < n. 

Recall the following definition of the Bokstcdt smash product: 

Definition 1.1. Let X and Y be symmetric spectra in spaces. We define an 

B 

orthogonal spectrum X AY whose Wth space is 

W H- hocolim n m+n (X m A Y n A S W ). 

(m,n)el 2 

This definition readily extends to a model of the smash product of a collection 
of spectra: 

Definition 1.2. Let X(l), X(2), . . . , X(k) be symmetric spectra in spaces. We 
define the orthogonal spectrum X(l) A X(2) A ... A X(k) whose W'th space is 

W^ hocolim (X(l) ni A ... A X(k) nh A S w ). 

( ni ,..,n k )ei k 

Note that more generally we get a continuous functor from finite based CW- 
complexes to spaces by plugging in a space A in place of S w ; by restriction, we can 
extract an orthogonal spectrum or symmetric spectrum. 

Fix a complete C^-universe IA. For our model of the equivariant stable category, 
we use the category of orthogonal G-spectra [12]. Specializing to the case of the 

B 

smash-power of a single spectrum X, observe that X Ak becomes a Ck -equivariant 
orthogonal spectrum indexed on U as we let W vary through the finite-dimensional 
subspaccs of Li. Here Ck acts by conjugation on the mapping space, permutation 
on the indexing category, and via the action on S w . 
The following is the main theorem of this paper. 

Theorem 1.3. Let X be a cofibrant orthogonal spectrum, and let X denote the 
underlying symmetric spectrum (of topological spaces). Assume that X is strictly 
connective and convergent. Then there is an isomorphism in the homotopy category 
of Ck- equivariant orthogonal spectra 

where here N^ k X is the Hill-Hopkins-Ravenel norm. 

To explain the proof, we introduce some further notation. Recall the complete 
C/c-universe U. Let J denote the category of finite dimensional real inner product 
spaces V in U, with morphisms the inclusions V — > W in U. We regard this as a 
discrete category. We denote by N^ k both the norm from spectra to C^-spectra as 
well as the norm from spaces to Cfc-spaces; the usage will be clear from context. 
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Let p denote the regular representation of Ck ■ We now have the following main 
comparison diagram in the category of Cfc-spaces: 



(1.4) (X^V 



hocolimfi" 1+ - +,lfc (X ni A ... A X nk A S w ) 

x k 



hocolimf2 fe "(X„ A ... A X n A S w ) = hocolimf2 fe "(7Vf*(X n ) A S w ) 



D 1 



hoco\imn kn (N^(X n ) A S w ) 



\ioco\imn v ®P(N^(X v ) A S w ). 

The map labeled A is the diagonal inclusion and the maps labeled Di are induced 
from the natural inclusion J — > I and the functor J — > J given (on objects) by 
m i y R m . 

The proof of the main theorem amounts to showing that all of the vertical 
maps assemble to weak equivalences of equivariant orthogonal spectra. There are 
essentially three parts of the argument: establishing the comparisons associated 
to changing the indexing category (i.e., Di), studying the diagonal map A, and 
establishing a stable equivalence of equivariant orthogonal spectra 



W h+ hocolim^^A^Xv) A S w ] 



(N^X). 



We do the first comparison in Section the second in Section [31 and the last in 
Section |H 

Remark 1.5. Although we work under convergence and connectivity hypotheses 
for convenience, we expect that using the techniques of |14j and |17| these hypothe- 
ses can be removed. 



The authors would like to thank the American Institute of Mathematics (AIM) 
for its support through the SQuaREs program and MSRI for its hospitality while 
some of this work was being done. The authors would like to thank Mike Mandell 
for his assistance, as well as Lars Hesselholt and Mike Hopkins for interesting and 
useful conversations. 

2. Changing diagrams 

In this section, we show that the "change of indexing diagram" maps are equi- 
variant stable equivalences. It is easy to see that Di is an equivalence: 
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Lemma 2.1. Let X be an orthogonal spectrum. The map 

hocolimft fcn (A^(X„) A S w ) hocolimfi y ®?(iV,f fc (J*V) A S w ) 

is an equivariant equivalence. 

Proof. The map D2 is an equivariant equivalence because the inclusion J — > J is 
homotopy coiinal (e.g., see [9l A. 3]) and passage to fixed points commutes with 
filtered homotopy colimits. □ 

To study Di, we need to establish an equivariant version of Bokstedt's telescope 
lemma comparing homotopy colimits over I to homotopy colimits over J (i.e., 
telescopes). For this, we need to recall that in equivariant homotopy, there is 
a refined notion of "connectedness" which records the behavior of fixed points for 
subgroups (as opposed to the coarser notion of "inducing an isomorphism of Mackey 
functor homotopy groups through a range"). Let v be a function from conjugacy 
classes of subgroups of G to N U {00}. A G-equi variant map /: X — > Y is said to 
be 'V-connected" if 

f H :X H ^Y H 

is ^(iJ)-connected for all subgroups H C G. With this language, we can give 
an equivariant refinement of the telescope lemma. We use the formulation of the 
telescope lemma due to Schlichtkrull [16j 2.2]. In the following, we will refer to a 
functor X : X — > Top G as an I — G-space. 

Lemma 2.2. Let X be an X — G-space and suppose that each morphism ni — > ri2 
in I with n 1 > n induces a v n -connected map 

X(m) — > A-(na). 

Then given any m > n, the natural map 

X(m) — > hocqlimX(i) 

is at least (y n — l)-connected. 

In particular, if for each H, v n (H) is unbounded and non- decreasing, then 

hocolim X(i) — > hocolimX(i) 
J 1 

is an equivariant equivalence. 

Proof. Since the group G does not act on X, we know that the fixed points commute 
with the homotopy colimit: there is a natural equivalence 

hocolim(X(i) ff ) A (hocolimX(i)) H , 

where the map is induced from the natural inclusion X(i) — > X(i). 
By assumption, for all ni — > 112 and n\> n and for all H, wc have 

X( ni ) H ^ X(n 2 ) H 
is i/„(iJ)-connected. By the usual telescope lemma [16j 2.2], we conclude that 

X{m) H — > hocolimX(i) H A ( hocolimX(i)) ff 
is (v n (H) — reconnected. 
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The proof of the second part is immediate from the first, since by elementary 
cofinality arguments in J7, we see that under the given assumptions, the map 

hocolimX(j) — > hocolimX(i) 

is infinitely cquivariantly connected. □ 

To prove that the map D\ is an equivariant equivalence, we will directly verify 
the needed connectivity hypotheses to apply Lemma 12.21 We will assume that 
we are working with a symmetric spectrum Z which is strictly connective, i.e., 
Z n is (n — l)-connected, and which is convergent, i.e., there exists a sequence of 
nondccrcasing integers a n tending to infinity such that EZ rl — > Z n +\ is n + a n 
connected. 

Theorem 2.3. Let X be a strictly connective and convergent symmetric spectrum. 
Then the maps 

hoco\imn kn (N^(X n ) A S w ) hocolim ft fcn (iV e c <= (X n ) A S w ) 

are equivalences of Ck -spaces and therefore assemble to a stable equivalence of or- 
thogonal Ck-spectra. 

Proof. The first part of the conclusion implies the second; since we show that the 
map Di establishes level equivalences of equivariant orthogonal spectra, it gives an 
equivariant stable equivalence. 

The fact that D\ induces an underlying equivalence follows immediately from the 
classical Bokstcdt's telescope lemma (e.g., see [21 2.3]). To show that D\ induces 
an equivariant equivalence, we verify that the X — G-space 

n^n np (N^ k (X n ) AS W ) 

has the appropriate connectivity properties for Lcmma l2.2l Here we have replaced 
the more traditional fl kn with the visibly equal functor fi np to strengthen the 
equivariant connection in the reader's mind. The presence of S w does not affect the 
structure of the argument; since it is constant relative to X, having it will perform 
an affine shift of the connectivities we compute (in fact, making them increasingly 
connective). We will henceforth include them in diagrams, but calculate in the case 
that W = 0. 

Let ni -> n2 be a map in X, and consider the following factorization of the 
structure map in the Bokstedt X — G-space: 

QniP£("2-ni)P 

(imp£lP(n2-ni)Z(.m-ni)p(N°k(X ni ) A S w ) > Q n2 P(N^ (X n2 ) A S w ) 

where E^ l2 ~ ni ^ p is the equivariant suspension and where a is the structure map in 
X: £("s-"i)x ni ^X n2 . 

The structure map in the X — G-space is at least as connected as 

min(conn(ft ni "E^ 2 - ,ll)p ) , conn(0" 2P iV e Cfc a)), 
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and we analyze each piece individually. Since both factors are equivariant loops, 
we need to recall a small result about the connectivity of an equivariant mapping 
space: 

(2.4) conn(Map(x,y)' ff ) > min (conn(y K ) - dim(x K )), 

where x has the structure of an H-CW complex (e.g., see [7J 2.5]). This will allow 
us to easily get very coarse lower bounds. 

We will also need a simple observation about the connectivity of a norm in spaces 
or of the norm of a map between spaces. Both results rely on the diagonal: the 
map 

= N G(Y) _> N G(Y) 

is a homeomorphism on iJ-fixed points for any normal subgroup H. Standard 
arguments about the connectivity of non-cquivariant smash powers of a map then 
show that the equivariant connectivity of N~*(X) is given by 

v x {H) = ^(conn(X) + 1) - 1 > jgjconn(X), 

while for a map f:X—>Y, 

v f {H) = conn(/) + (g[ - l)(conn(X) + 1). 

(See also [21 3.12] for discussion of this phenomenon.) 

To analyze the connectivity of Q ni PE^ n2 ~ ni ^ p , we use the equivariant Freudenthal 
suspension theorerrQ. Recall that if V is a representation of G, then the suspension 
map 

E v : X — > n v YXX 
is ^y-connected for any vy satisfying 

(1) For all H such that V H + {0}, wc have vy{H) < 2conn(X ff ) + 1. 

(2) For all K C H with V K ^ V H , we have uy(H) < comi(X K ). 

We now consider V = (na — ni)p and X = N^(X ni ). For all subgroups H of G, 
V H / 0, and if K C H, then V" A ' ^ V H . If wc let 

v p {H) = 2 conn(X„ 1 ), 

then the essential condition to check is the second one. So we must show that for 
all K C H, 

v„{H) = 2^conn(X„ 1 ) < conn{X K ) = ^(conn^J + 1) - 1. 

However, since K ^ H , wc know that this holds. Thus by the equivariant Freuden- 
thal suspension theorem, the map is fp-connected. 

Applying Equation (|2.4[) . we get a lower bound for the connectivity of the map 
J7™iP7t;(«2-«i)p : 

Vl (H) = coim((0 Tll "£; (Tl2 -" l)p ) H ) 

> min (2^conn(X ni ) - 4m) = 4 (2 conn(X„J 

-^For the interested reader, the first condition below is perhaps what one would expect: the 
connectivity is exactly what the usual Freudenthal suspension theorem would predict, just for each 
of the fixed points. The second condition is somewhat less obvious: this condition guarantees that 
H-equivariant maps between two spaces are the same as the ordinary maps between their iT-fixed 
points. 
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Similarly, applying the norm N^ k to the structure map E™ 2- ™ 1 X ni — > X n2 yields 
our map 

N^a: rt n *- n ^PN°»{X ni ) £ JVf* (E n2 " ni X nx ) — > A/f fe (A„ 2 ). 
By the assumption that X is convergent, we know that 

conn(cr) > ri\ + (n 2 — n\) + a m — 1 = n 2 + a ni - 1. 
Applying the norm produces a map that is equivariantly ^-connected, where 
v a {H) = (n 2 + a ni - 1) + - l)(conn(X rai ) + (n 2 - m) + 1), 

as above. 

By Equation (|2.4[) we can also estimate the connectivity of the (n2/o)-fold loops 
of this map, getting 

> min ((n 2 + a m - 1) + (t^t - l)(conn(X ni ) + n 2 - ni + 1) - 7^712) 

= a ni - 1 + - l)(conn(X ni ) - m + 1). 

The factorization of the structure map above shows us that the structure map 
in the I — G-space is at least 

v(H) = mm{v 1 (H),v 2 {H)) > min(conn(X ni ) - l,a ni - 1) 

connected (and usually a good bit more so). By our assumptions on X, the 
connectivity of X ni is at least n\ — 1, and so for all ni — > n 2 with n\ > n, 
we know that the map in the X — G-space X ni — > X n2 is v ni -connected, where 
v n (H) = min(n — 2,a n — 1) for all subgroups H. Since a n is going to infinity, 
Lemma 12.21 implies that D\ is an equivariant equivalence, as required. □ 

3. Equivariange 

The maps D\ and D 2 allow us reduce from diagrams over X with a trivial action 
to diagrams over J with a trivial action of Gfe. But one of the interesting aspects 
of the equivariant structure of the Bokstedt smash product is that Cu acts on the 
diagram the homotopy colimit is indexed over. In this section, we show that the 
"diagonal" map A induces an equivariant equivalence. This allows us to reduce to 
the case of homotopy colimits on which the group acts trivially, as analyzed in the 
previous section. 

The map A = Ai is really part of a compatible family of maps, Aj, indexed on 
the divisor poset of k. Analyzing the equivariant homotopy type of the Bokstedt 
construction is facilitated by a refinement of Hesselholt-Madsen's determination of 
the fixed points of the Bokstedt construction. 

Suppose k = d ■ s. Then we have a G^-equivariant diagonal map 

_ d _ 

hocolimft s ( ni +-"+"^(A^( A X ni ) A S w ) 

A d 

k 

hocolimO™ 1+ -+™ fc ( A X n . A S w ). 
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The following proposition describes a key property of this generalized diagonal map. 
Proposition 3.1. Suppose k = d ■ s. Then the map 

d k 

hocolimfi s(ni+ - +,ld) (A^( A X ni ) A S w ) ^ hocolimO" 1+ - +n * ( A X ni A S w ) 

i—1 i—1 

induces a homeomorphism on passage to C r -fixed points for C s C C r C ■ 

Proof. Our proof is a slight elaboration of that of Hesselholt-Madsen for the case 
s = k j7J §2.4]. Fixing a model for the homotopy colimit (as, say, the two-sided bar 
construction) identifies the simplicial space realizing the homotopy colimit over I d 
with a (nicely embedded) subsimplicial space of the homotopy colimit for X fc , and 
as s varies, these space are appropriately nested. Passage to fixed points commutes 
with geometric realization and with the products making up the two-sided bar 
construction for the homotopy colimit. This is what allows Hesselholt-Madsen to 
observe that the map Ai induces a homeomorphism on C/c-fixed points. Since Ai 
factors through Ad for any d, and since the inclusion is inducing a homeomorphism 
on fixed points in this case, we learn that A^ also induces an homeomorphism 
of Cfc-fixed points (since these are really statements about fixed subspaces of a 
big ambient space). Downward induction on the group provides the rest of the 
result. □ 

We use this proposition to show the following: 
Theorem 3.2. The map 

hocolimfi fc "(iV p Cfc X Il A S w ) ► hocolimfi" 1+ -+" fc (X ni A ... A X n A S w ) 

induces a stable equivalence of equivariant orthogonal spectra. 

Proof. Once again, we show that the map is a weak equivalence of Cfe-spaces for 
each W; the maps therefore assemble to form a level equivalence and hence a stable 
equivalence of equivariant orthogonal spectra. 

We need to show that the map is an equivalence on C s -fixcd points for each s \ k. 
Consider the composite 



hocolimft fe "(X n A ... A X n A S w ) 
hocolimfH ,ll +-+" d )((X ni A ... A X n .) As A S w ) 
hocolim fi"i+-+"» (X ni A ... A X nk A S w ) 



The second map is an equivalence on C s fixed points by Proposition 13. 1[ and we 
claim that the first map is an equivalence on C s fixed points as well. Consider the 
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diagram 



d 

hocolimfi fen (A^„ A S w ) > hocolimfi s (" 1+ -+" d )(( A X nz ) As A S w ) 

3k 3 d i=l 



hocolim^ fe "(AX„ A S w ) ► hocolimfi s (" 1+ -+" d )(( A X n .) As A S w ) 

1 k i d i=i 

The point is that C s acts trivially on all the indexing categories in the diagram, and 
the diagonal map J — > J is homotopy cofinal. Since the passage to fixed points 
commutes with these homotopy colimits, we conclude that the top horizontal map 
is a C s - equivalence. 

The left hand side vertical map is an equivariant equivalence by the analysis 
involving Bokstedt's telescope lemma from Section [2] the right hand side vertical 
map is an equivariant equivalence for the same reason, using Fubini's theorem for 
homotopy colimits (e.g., see [H 24.9]). □ 

4. Identifying the norm 

Recall that we have (e.g., see [H 2.13]) a canonical homotopy presentation of the 
norm as a homotopy colimit in the category of orthogonal spectra: 

N?(X) = hocolimS-^ A N<?(X V ), 

where 

N?(X V )=/\X V 

G 

with the permutation action (as a G-space). 

Remark 4.1. This can be interpreted as an equivariant elaboration of standard 
comparisons for the "handicrafted" smash products (i.e., the version which has 
2n'th space X n A X n ). See [131 §11] for more discussion of this point. 

Also recall that there is an orthogonal G-spectrum specified by 
W ^ hocolimO y ® p (7V e G (AV) A S w ), 

where W varies over U. The following lemma essentially results from unpacking 
the canonical homotopy presentation. 

Lemma 4.2. Let X be a cofibrant orthogonal spectrum. There is a stable equiva- 
lence of orthogonal G-spectra 

Nf(X) ~(W^ hocohmfi y ^(7V e G (X y ) A S w )) 

Proof. The Wth space of (a fibrant model of) the canonical homotopy presentation 
is given by the homotopy colimit 

hocolimhocolimfi( y ®^®' 7 (7V5 ; (Xy) A S u A S w ). 

By Fubini's theorem for homotopy colimits (e.g., see [H 24.9]), we can rewrite this 
as 

hocolimhocolim^( y ®^ ec/ (iVf(Xy) A S u A S w ). 
ueu V6j 
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Splitting up the loops and using the fact that the loop functor commutes with 
filtered homotopy colimits, we obtain 



hocolim^(hocolimO y ^(A^(Xy.) A S u A S w )). 

ueu vgi 



Rewriting, this is 

hocolimO c/ (hocolimO vr ®"Wf ? (Xy) A S u@w )), 
ueu vei 

which is the M^th space of a fibrant replacement of the spectrum with Zth space 



Z ^ hocolimft y ^(jV G pfy) A S z ). 



□ 



This completes the proof of Theorem ll.3l We have shown that the vertical maps 
in the main comparison diagram (equation II .4|) from section Q] do indeed assemble 
to weak equivalences of equivariant orthogonal spectra. We have also identified 
the orthogonal C^-spcctrum at the bottom of the comparison diagram with the 
spectrum N^ k (X). 
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